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Theorem 1 (G.D.Birkoff, (1932)) $(\Omega, \mathcal{B}, \mu, F)$
$f\in L^{1}$
$\lim_{narrow\infty}\frac{1}{n}\sum_{k=0}^{n-1}f(F(x))=f(x) \mu-a.e.$










$\int f(x)g(F^{n}(x))d\muarrow\int fd\mu\cross\int gd\mu$
decay rate of correlation
2 1














decay rate of correlation $P$ 2













$narrow\infty n x\in I$







$\bullet$ $\{\langle a\rangle\}_{a\in \mathcal{A}}$ $I$
$w=a_{1}\cdots a_{n}$ word
$\bullet|w|=n,$
$\bullet\langle w\rangle=\bigcap_{i=1}^{n}F^{-i+1}(\langle a_{i}\rangle)$ ,
$\bullet$ $w$ admissible $\langle w\rangle\neq\emptyset$ $\mathcal{W}$
$\bullet$ empty word $\epsilon\in \mathcal{W}$ $\langle\epsilon\rangle=I$
$\bullet$ $wx\in[0,1]$ $wx\in\langle w\rangle$ $F^{|w|}(wx)=x$
$w\in \mathcal{W}$ $wx$
$Pf(x)= \sum_{a\in A}f(ax)|F’(ax)|^{-1}$
$x\in I$ $x$ $a_{1}^{x}a_{2}^{x}\cdots(a_{n}^{x}\in \mathcal{A})$
$F^{n-1}(x)\in\langle a_{n}^{x}\rangle,$
$X=\overline{\{a_{1}^{x}a_{2}^{x}\cdots:x\in I\}}\subset \mathcal{A}^{N}$









$\int P^{n}1_{J}(x)g(x)dx=\int 1_{J}(x)g(F^{n}(x))dxarrow|J|\cross\int gd\mu$
$\int s^{J}(z, x)g(x)dx=\sum_{n=0}^{\infty}z^{n}\int 1_{J}(x)g(F^{n}(x))dx$
$z=1$ $s^{J}(z, x)$ $z=1$
$|J|\cross\rho(x)$
$I=[O, 1]$
$F(x)=\beta x (mod 1)$ ,
$\beta=\frac{1+\sqrt{5}}{2}$ , $\beta$
$\beta^{2}-\beta-1=0$
$A=\{a, b\},$ $\langle a\rangle=[0, \frac{1}{\beta})$ $\langle b\rangle=[\frac{1}{\beta},1]$
$F(\langle a\rangle)=I, F(\langle b\rangle)=\langle a\rangle.$
$\langle a\rangle$
$s^{\langle a\rangle}(z, x)=1_{\langle a\rangle}(x)+ \sum_{n=1}^{\infty}z^{n}P^{n}1_{\langle a\rangle}(x)$
$=1_{(a\rangle}(x)+z \sum_{n=0}^{\infty}z^{n}\sum_{c\in A}P^{n}1_{\langle a\rangle}(cx)\beta^{-1}$
$=1_{\langle a\rangle}(x)+z \beta^{-1}\sum_{n=0}^{\infty}z^{n}P^{n}1_{I}(x)$
$=1_{(a\rangle}(x)+z \beta^{-1}\sum_{n=0}^{\infty}z^{n}P^{n}(1_{\langle a\rangle}(x)+1_{\langle b\rangle}(x))$
$=1_{\langle a\rangle}(x)+z\beta^{-1}(s^{\langle a\rangle}(z, x)+s^{\langle b\rangle}(z, x))$ .
228
$\langle b\rangle$
$s^{\langle b\rangle}(z, x)=1_{\langle b\rangle}(x)+ \sum_{n=1}^{\infty}z^{n}P^{n}1_{\langle b\rangle}(x)$
$=1_{\langle b\rangle}(x)+z \sum_{n=0}^{\infty}z^{n}\sum_{c\in \mathcal{A}}P^{n}1_{\langle b\rangle}(cx)\beta^{-1}$
$=1_{\langle b\rangle}(x)+z \beta^{-1}\sum_{n=0}^{\infty}z^{n}P^{n}1_{\langle a\rangle}(x)$
$=1_{\langle b\rangle}(x)+z \beta^{-1}\sum_{n=0}^{\infty}z^{n}P^{n}1_{\langle a\rangle}(x)$
$=1_{\langle b\rangle}(x)+z\beta^{-1}s^{\langle a\rangle}(z, x)$ .
$s(z, x)=(_{s^{\langle b\rangle}(z,x)}^{s^{\langle a\rangle}(z,x)}) , \chi(z, x)=(_{1_{\langle b\rangle}^{\langle a\rangle}(x)}^{1(x)})$
$s(z, x)=\chi(z, x)+\Phi(z)s(z, x)$ ,
$\Phi(z)=(\begin{array}{ll}z\beta^{-1} z\beta^{-l}z\beta^{-l} 0\end{array})$
$\Phi(z)$ Fredholm









$=$ $\exp[\sum_{n=1}^{\infty}\frac{1}{n}$ trace $\Phi^{n}(z)]$







$e^{\xi}$ natural boundary Markov
$w=a_{1}\cdots a_{m}$
$s^{\langle w\rangle}(z,x)= \sum_{n=0}^{m-1}z^{n}P^{n}1_{\langle w\rangle}(x)$
$+ \sum_{n=m}^{\infty}z^{n}\sum_{|v|=m}P^{n-m}1_{\langle w\rangle}(vx)\beta^{-m}$
$= \sum_{n=0}^{m-1}z^{n}\beta^{-n}1_{F^{n}\langle w\rangle}(x)$
$+z^{m}\beta^{-m}\{\begin{array}{ll}(s^{\langle a\rangle}(z,x)+s^{\langle b\rangle}(z, x)) a_{m}=a,s^{\langle a\rangle}(z, x) a_{m}=b.\end{array}$
word $P$
essential spectrum radius $e^{-\xi}$ piecewise
$C^{2}$
$f= \sum_{w\in \mathcal{W}}C_{w}1_{(w\rangle}$ $0<r<1$
$||f||_{r}= \inf\sum_{m=0}^{\infty}r^{m}\sum_{|w|=m}|C_{w}|<\infty$
$f$ $\mathcal{B}$ inf $f$






$x_{1},$ $x_{2},$ $\ldots\in[0,1]^{d}$ discrepancy
$D_{N}= \sup_{J}|\frac{1}{N}\#\{x_{i}\in J:i\leq N\}-|J||.$
$J\subset[0,1]^{d}$
$d=1$ 2














low discrepancy sequence Monte Carlo
$V(f)$ $f$ total variation
low discrepancy van der Corput sequence
1,2,3,4, . . . 2
1, 10, 11, 100, 101, 110, 111, 1000, . . .
1, 01, 11, 001, 101, 011, 111, 0001, . . .
0.1,0.01, 0.11, 0.001, 0.101, $0,011$ ,0.111, 0.0001, . . .
$\frac{1}{2}, \frac{1}{4}, \frac{3}{4}, \frac{1}{8}, \frac{5}{8}, \frac{3}{8’}\frac{7}{8}, \frac{1}{16’}\ldots$
low discrepancy




$\bullet$ $w=a_{1}\cdots a_{n},$ $w’=b_{1}\cdots b_{n},$ $a_{k+1}\cdots a_{n}=b_{k+1}\cdots b_{n}$
$k$
$a_{k}<b_{k}$
$\{wx\}$ van der Corput sequence
Theorem 2 $F$ $[0,1]$ $|F’|\equiv\beta$ transitive expanding piecewise
linear
$\bullet$ $\beta^{-1}<|z|\leq 1$ $z=1$ van der
Corput sequence low discrepancy
$\bullet$ $\beta^{-1}<|z|\leq 1$ $z=1$
$D_{N}=O( \frac{(\log N)^{k+1}}{N})$
$k$ Markov $F$
Markov van der Corput sequence low discrepancy
:word $u\in \mathcal{W}$ $\langle u\rangle$
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